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1. Recently Einstein! has deduced a unified theory of electric and
gravitational fields by forming the Euler equations for the integral of a
certain scalar density. I show in the present paper that his new equations
can be obtained by direct generalization of the equations of the gravita-
tional field previously given by him. The process of generalization
consists in abandoning assumptions of symmetry and in adopting a defini-
tion of covariant differentiation which is not the usual one, but which
reduces to the usual one in case the connection is symmetric.

In the final section I show that the adoption of the ordinary definition
of covariant differentiation leads to a geometry which includes as a special
case that proposed by Weyl® as a basis for the electric theory; further,
that the asymmetric connection for this special case is of the type adopted
by Schouten? for the geometry at the basis of his electric theory.

2. Einstein’s equations for the simple gravitational field are

8ijp = 0, (2.1)
R,’j = 0. (2.2)

They involve a fundamental (metric) tensor g; and an affine connection
T'%, both of which are symmetric in¢ and 7. The symbol g;;; denotes the
covariant derivative of g;;,

g " .
Gijk = bg;k — 8aj Tk — 8ia Tjks | (2.3)
‘and R;; denotes the Ricci tensor formed for the I's.
Let us now consider an asymmetric connection Hj, and an asymmetric
tensor h;;, setting ] ) )
Hj = Th + QG ‘ (2.9)
ki = g + oy (2.5)
where I‘,'}, and g; indicate the symmetric parts, and (Z;k and w;;, the skew
symmetric. If we now postulate that the general equations of the gravita-

tional and electric field are those obtained by abandoning the assumptions
of symmetry in (2.1) and (2.2), we get

hi.;‘/k = 0’ (2'6)
Z," = 0, (2.7)
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where v
;, _ OHj _ OH;
Zin = ?’k ba,}‘l + — Hj Hi,
and '
Z,'j = Z;a .
are the natural generalizations of the curvature and Ricci tensors, re-
spectively.

We have yet to define the symbol appearing in (2.6) by choosing a
generalization of the covariant derivative appearing in (2.1). If we write

Oh;;
htl/k = 67 - ha.‘l hta Hk]» (28)
then (2.6) >and (2.7) are the equatidns which Einstein gets after assuming

ae = 0 (2.9)

in order to make his equations agree with experimental facts.* In the
present mode of deduction no such additional assumption is necessary.
The geometrical significance of conditions (2.9) is indicated in the next
section.

3. It can be shown® that if we transform the connection Hj by the
formulas .

Hiy = Hj + 2o, (3.1)

where v, is an arbitrary vector, that infinitesimal parallelism (and conse-
quently paths) will be preserved in the sense that the direction of the
vector obtained by displacement of a given vector through dx is the same
for the laws of displacement determined by the two sets of H’s.

Under a transformation such as (3.1) we have also

@ = QL + S, — shv; (3.2)

Hence it is seen that.by choosing v; properly we can realize condmons
(2.9) with preservation of displaced directiogs.
Defining %;;/, by (2.8), we can write the Einstein equations correspond-
ing to (2.6) as
hije = hij or + hix @5,
2 (3.3)

P L

These are, of course, his equations before assumption (2.9) is made. Itis
easily shown that equations (3.3) are invariant under the transformation
(3.1), whereas the equations (2.7) are not.
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As a consequence of (3.3), we have on taking ¢; = 0, and on using (2.4)
and (2.5)

* ik = 05 W+ wi U
From these last equations it follows that
gir + gri + guji = O. (3.4)

Since the imposing of conditions (2.9) does not affect the geodesics, we can
state® the

THEOREM. The equations of the paths (straightest lines) of Einstein's
space have a homogeneous quadratic first integral whose coefficients are the
components of the symmelric part of the fundamental tensor.

4. 'The covariant derivative defined by (2.8) can be extended in a num-
ber of ways to tensors of any rank. One such way is the following. The
term to be subtracted corresponding to a covariant index p is of the form
h;. ..o .. j Hp or of the form h; .. . ; Hf, according as p occupies an odd
or even position among the subscripts of ‘& counting from the left. It
is readily shown that the resulting expressions are the components of a
tensor.”

This definition, however, is not the one usually adopted.® If applied
to the product of two vectors ¢;);, the result is not ¢;r + ¢ix¥; as is
the case with ordinary covariant differentiation.

5. We shall next derive a few propertles of fundamental tensors satis-
fying

hij;k =0, (51)
where ;

Oh;;
hij;k = 071 - haJ hia

is the ordinary covariant derivative of k,;; with respect to the connection
H. ZEquations (5.1) are equivalent to the two sets g;;;x = 0 and w1 = 0,
the first of which can be written as

gir = £aiQ T Lia Lk (5.2)

where g;; is defined by (2.3).

From (5.2) it follows that equations (3.4) are fulfilled in this case also.?
The tensor g;;, therefore, furnishes a quadratic first integral for the equa-
tions of the paths just as in the case of Einstein’s space.

The conditions that such a tensor give a Weyl metric geometry for
some affine connection with the same paths have been given prevxously 10
They are

2n—1)giix + (gt Bapi + Zik Bapi — 28ii Lasp) = 0.  (5.3)
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From (5.2) we get
8% gapp = 205 - (5.4)

Substituting from (5.2) and (5.4) in (5.3) we find that equations (5.3)

are here equivalent to

5 g, 4+ % g1 -0,
n—1

i
ik —

These conditions show that the connection is of the semi-symmetric type
employed by Schouten in his electrical theory.!!

If in (3.1) we chose v, = Q3;/(2—1), by means of (3.2) we see that
Schouten’s connection is rendered symmetric with preservation of dis-
placed directions (parallelism).}? This transformation changes equations
(5.3) into ’

(gisx)" = 48 Yo/ (n—1),

the covariant derivative being formed with respect to I'". Written in
the form (g;:)’ = — gj¥w these equations put in evidence the Weyl
character of the geometry and show that the symmetric connection
associated with Schouten’s geometry is the affine connection of Weyl's.1?

The geometries of Schouten and Weyl which enter here as particular
cases of the geometry characterized by (5.1) are therefore equivalent. If
we look upon (5.1), or (5.2), both as a means of rendering Schouten’s
geometry metric and of determining an asymmetric part for Weyl’s sym-
metric affine connection, then we can say that the metric geometries of
Schouten and Weyl are equivalent. It is to be noted, however, that an
asymmetric part can be obtained from (5.2) for an arbitrary Weyl geometry,
whereas the general Schouten geometry will not admit a fundamental tensor
. satisfying (5.2).
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Since 1913,2 attempts have been made in this laboratory to discover
biochemical differences which it was believed must exist between the
opposite .sexes in the group of fungi known as. Mucors. That chemical
methods are capable of distinguishing races which appear identical mor-
phologically has been shown in the case of the yellow-coned races of
Rudbeckia.? As outlined in our paper of last year,* it has been our
purpose to run through a series of easily applied tests on a series of repre-
sentative sexual races before undertaking an intensive study of any single
biochemical reaction. While this program was underway, our attention
was called to the reaction of Manoilov® for the identification of sexes which
we have tested with a relatively large number of Mucors as well as of green
plants. On account of a lack of any constant morphological difference in
Mucors, which would enable one to determine which is male and which fe-
male, we have provisionally designated the opposite sexes by the signs
(+) and (—). The Mucors reproduce chiefly by means of non-sexual
spores. ‘The various races, therefore, may be kept pure under cultivation

"without change of sex through vegetative reproduction.



