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The paper proposes an amendment to the relativistic continuum mechanics which intro-
duces the relationship between density tensors and the curvature of spacetime. The
resulting formulation of a symmetric stress—energy tensor for a system with an electro-
magnetic field leads to the solution of Einstein Field Equations indicating a relationship
between the electromagnetic field tensor and the metric tensor. In this EFE solution, the
cosmological constant is related to the invariant of the electromagnetic field tensor, and
additional pulls appear, dependent on the vacuum energy contained in the system. In
flat Minkowski spacetime, the vanishing four-divergence of the proposed stress—energy
tensor expresses relativistic Cauchy’s momentum equation, leading to the emergence
of force densities which can be developed and parameterized to obtain known interac-
tions. Transformation equations were also obtained between spacetime with fields and
forces, and a curved spacetime reproducing the motion resulting from the fields under
consideration, which allows for the extension of the solution with new fields.

Keywords: General relativity; cosmology; field theory; electrodynamics; continuum
mechanics; fluid dynamics; Hamiltonian mechanics.

1. Introduction

Currently, field phenomenon in physics is described in many ways,® but in most
field theories,” the field is still something additional to the spacetime — not natural
consequence of spacetime existence. There are also still some challenges in describing
systems that contain electromagnetic field. Stress—energy tensor for a system with
electromagnetic field.® derived from the widely accepted Lagrangian density,” is not
symmetrical'® and attempts are still being made to link the description of such a
system with the GR.11-13
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Much theoretical work was also done to combine the equations of GR and fluid
dynamics, 18 however, so far the general solutions connecting these two branches
of physics are unknown. There are also some unresolved problems, e.g. with the
dependence of four-velocity on four-position. In relativistic electrodynamics, it is
often assumed that the four-velocity is independent of the four-position, while a
large number of fluid dynamics equations operate on velocity gradients such as
Navier-Stokes equations' and many others.

The motivation of this paper was to find a general solution to the Einstein
Field Equations that would explain electrodynamics in curved spacetime, allow for
generalization to other fields and be consistent with the equations of the continuum
mechanics. The paper may also be considered as the voice in still present scientific
discussion about foundations of electromagnetism and its relation to spacetime
geometry and spacetime itself, as discussed in Refs. 20-25.

In the first part of the paper, the consequences of Hamiltonian mechanics for
electrodynamics were considered. The conclusions were then used to make a minor
tweak to relativistic continuum mechanics equations. Finally, the symmetric stress—
energy tensor was proposed for a system containing an electromagnetic field, and
then it was used to analyze the transformation to curvilinear coordinates and its
relation to Einstein Field Equations.

The author uses the Einstein summation convention, metric signature
(+,—,—,—) and some standard definitions: ¢ denotes coordinate time, 7 denotes
test body proper-time, m denotes test body rest mass, ¢ denotes test body charge,
S denotes Hamilton’s principal function (action), L denotes Lagrangian, £ denotes
Lagrangian density, H denotes Hamiltonian.

The author also uses some standard four-vector definitions: U® for four-
velocities, P for four-momentums, F'® for four-forces, F*? for electromagnetic
tensors, A® for four-accelerations, A“ = (%, A) for electromagnetic four-potentials,
J for four-currents, H* = (% p;,) for generalized, canonical four-momentums.

2. From Hamiltonian Mechanics to Geometry of Spacetime

One may start discussion considering Lagrangian and Hamiltonian mechanics?®

in flat Minkowski spacetime. Using Hamilton—Jacobi equations. one may express
generalized canonical four-momentum H® as a function of Hamilton’s principal
function S27 as follows:

o (L) = s .

For a system containing only electromagnetic field, the above takes form of

H = P* + gA®, (2)
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where A® is the electromagnetic four-potential. This equation yields the relativistic
Lagrangian®” (minimal coupling) for the electromagnetic field

1 1
— L= — U, H* =mc®= + q(¢ — uh). (3)
Y gl

It is known as relativistic version of Lagrangian and Hamiltonian for electromag-
netism, however, there is something that was missed what is oversight of important
consequences. Taking four-gradient on (2) for both indexes and subtracting from
each other, one obtains

9P — d°PP = q(9“A° — 9P A™). (4)

Element related to H* vanished, since H* = —9%S and from calculus rules for any
scalar S there is

APo*S —9~9°S =0 (5)

what is fundamental rule behind gauge fixing?® for electromagnetic field.

Above reasoning and Eq. (4) shows that in considered system, four-momentum
is dependent on four-position. It is also worth noting that there are many concepts
of continuum mechanics that depend on velocity gradients. An example would be
Cauchy stress tensor, deviatoric stress tensor?? or vorticity,?” which is a term from
dynamical theory of fluids that describes velocity rotation of a fluid element, usually
denoted as w and defined as w =V x u.

Velocity gradients and velocity gradient tensors are important concepts of fluid
dynamics®' 33 thus velocity independent of the four-position would create signifi-
cant problems for continuum mechanics. It would be also difficult to combine con-
tinuum mechanics with GR, discarding the key elements of continuum mechanics.

Therefore, for further discussion, the conclusion from (4) and conclusions from
the continuum mechanics will be adopted and it will be assumed that in consid-
ered system four-velocity depends on four-position. As it will be shown soon, such
an assumption (after a minor amendment) does not cause problems for GR and
electrodynamics, and in fact leads to the integration of these branches of physics.

Analyzing (4) from the gauge theory perspective, in considered system (sys-
tem containing only electromagnetic field), four-momentum P is just some chosen
gauge for the electromagnetic four-potential. Electromagnetic filed tensor F*° for
such system may then be expressed equivalently as

Fo7 = 9%A” — 0" A = é(aﬁpa — 9 P") (6)
what produces the Lorentz force F'“ by
P =Usd’P* = qUsF*” (7)
since the Minkowski metric property gives

1
UsP? = me* — Ugd* PP = 580‘(U5P5) =0. (8)
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The four-current J< issue remains to be clarified, where
pod ™ = OpIF*° (9)

and where p, represents the permeability of free space. The continuity equation
requires that d,.J% = 0. Denoting p, as rest charge density, it is clear, that the classi-
cal equation J“ = p,U“ requires vanishing four-divergence of U®. However, assum-
ing U* as dependent on four-position, one may also assume that four-divergence of
U® does not vanish and note some inconsistency in the classical calculation of the
density flux, which is clearly visible for volumetric mass density.

In the considered system, analyzed as a continuum, there is four-momentum
density and four-current. One may thus consider g, as volumetric mass density in
some volume V for the system at rest

<I3

(10)

Co

Following the reasoning behind the calculation of the energy density in the stress—
energy tensor,>* it should be noted that both the mass m and the volume V are sub-
ject to Lorentz contraction effects (m — m~y and V — V%) In the four-momentum
P, mass is increased alone, thus contraction of the volume alone would change the
density as follows:

0= 007 (11)

For this reason, the total effect due to the increase of the mass (or charge) and
volume contraction leads to four-momentum density of the form oU® and the four-
current given by equation

JC = pU" = p,yU. (12)

Calculating the vanishing four-divergence of above, keeping in mind that ~ is a
function of the four-position only (7), one obtains

d~y
0 U = ——. 13
o (13)
The above amendment is easy to explain by analyzing the integral as follows:
1
P = —[ oU*dV. (14)
v Jv

There is no absolute rest. If it is assumed that V describes volume perceived by
observer at rest, it means that the integrated matter is in motion (v # 1) and
thus o = %. If it is assumed that matter is at rest and the integrating observer
moves with U® velocity in relation to immobile total mass m of this matter density,

then the observer should integrate over contracted volume V%, because in this case
0= ijL This means that m~y will also be obtained.
R

The above reasoning would remain correct for any density in motion, providing
a continuity equation for any density flux in flat Minkowski spacetime. Moreover,
this amendment has very favorable ramifications for the merger with the GR.
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If one would like to perceive the effects of the existence of a field in flat space-
time, as some form of spacetime curvature in curvilinear coordinates, then the four-
divergence of U® should vanish in curved spacetime, where the four-acceleration is
replaced by the curvature of spacetime and geodesics. Therefore,
dry
dt’
where I'“ | 5 represents Christoffel symbols of the second kind. This leads to further
conclusions. In flat Minkowski spacetime, four-divergence of the following tensor

Uty =0T 307 = (15)

does not vanish:

dn
B UUP = d’U6 1+ AP = (0,a9?), (16)
where a = fl‘: is the classic acceleration. Its disappearance in curved spacetime thus
leads immediately to the following conclusion:
vevt,=0 — T°,UU°+T7, UU" = —(0.a7°) (17)

what taking into account (15), yields
B8 B8
re,,uturt = —-A" (18)
This is the expected result making that intrinsic covariant derivative of four-velocity
vanishes in curved spacetime.
DUs dUB
Dr ~ dr

According to above findings, the total force density f? acting in the system should

+I7°,,UU" =0. (19)

be defined as follows:
7 = 0A” = 0,7 A° = D,0U°U” (20)

which is in line with the assumption behind the derivation of the Navier-Stokes
equations, making it possible to derive their relativistic counterpart.
Finally, analyzing all above on the transition to curved spacetime for

000U U" = 7 — pUU”. =0 (21)

it is clear that this requires a relationship between the density tensors and some ten-
sors describing the curvature of spacetime with vanishing covariant four-divergence,
which opens the way to linking the continuum mechanics with GR.

Reasoning presented in this section opens the possibility of perceiving the pres-
ence of a field as some spacetime curvature and vice versa. Adding other fields to
the system by adding to (2) successive four-potentials A" and related constants g;
of i-fields (marked with the ¢ index), would generalize the force Eq. (7) to the form
of

Po = Up0PP* = 3 qUs(0 AT — %) 22

which opens up the possibility of expanding the reasoning with additional fields.
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It is also possible to propose a solution where some interactions are the result
of fluid dynamics, as presented in the following section. This will prove crucial for
the explanation of the gravitational interaction described in GR, which cannot be
described by an ordinary field four-potential.

3. Results

Analyzing the conclusions from the previous section, one may consider their appli-
cation for the analysis of the stress—energy tensors.

One could build a stress—energy tensor for a system with an electromagnetic
field, based on the density tensor oUU“U?” in such a way, that the vanishing four-
divergence of the stress—energy tensor would result from a cancellation of force
densities.

The density of force due to electromagnetism fg); in flat Minkowski spacetime
may be calculated as

1 1
Jim = JB]FQ’B =93 (UQ’B—FWFW -

F_F27 ), 23
Apto K ) (23)

Lo
where n? t]}?”f“]}?w — MLDIFO‘WFB” is the classic®® stress—energy tensor for electro-
magnetic field and where n*? represents Minkowski metric tensor.

For universality and to facilitate the further analysis, one may introduce a more
general definition of the stress—energy tensor for the electromagnetic field, in the
form independent of the metric tensor ¢®?. For this purpose, at first step, one may
introduce scalar A, with the dimension of energy density (subscript p), equal to
the Lorentz invariant of the electromagnetic field tensor in the metric

1 QL
A, F QMFBWQQB- (24)

A, =

Next, there will be introduced some tensor h*? with the dimension of the metric
tensor, defined in such a way to satisfy following properties:

1 « 1 QYL
hoB ,LL_F HQ;LW]F'57 H_]F ‘gu'yFBﬁ{
= % — o =
1 af 11 ol By - Ap (20)
Zh " Yap ZH_]F Q;WIF’ 9ap
)
hPg,sh =4 (26)
what yields
ché F’37
hef =2 Iy (27)

\/Fa6g(571[?,879#5]£ra7]gnﬁ]FFL&

Thanks to above, using (24) and (25) one may define generalized (for any metric
tensor g®”) stress—energy tensor for electromagnetic filed, denoted as Y*° and
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defined as follows:

5 4 hcx{@
o0 = A (ga . _) (29)
P ihuugm}

which in the Minkowski spacetime will turn into the classic stress—energy tensor for
electromagnetic field, mentioned in (23).

Assuming that the only field in the system is an electromagnetic field and
remaining in the Minkowski spacetime (g n*?), the following equation brings
conservation of linear momentum and energy by electromagnetic interactions:

af —

aB(QUQU‘B - TQ’B) = f* - f&w (29)

so this expression fits well as an expression to describe vanishing four-divergence of
the stress—energy tensor for the whole system.

However, such stress—energy tensor would not ensure compliance with the
Cauchy momentum equation,*® what is also known issue in EFE.37 Therefore, to
ensure this compliance and also to ensure compliance with General Relativity, one
may introduce pressure p in the system defined in the following way:

p=c’o+A, (30)
and define the stress—energy tensor 7%? for the whole system as
hos
1

Zhﬂwg,uu

T = oUUP —p | g*P — (31)

Vanishing four-divergence of tensor 77 in flat Minkowski spacetime would now
create two additional density of forces

aBTa’BZOHfa—f&\{_ cih_f;«:(); (32)
where

o _ o,

oth = A_fEM: (33)
P
Tos

for = dac’o. (34)

g Ap ‘

In the above picture, element fg, seems to be related to the density of the gravi-
tational force. It is not defined as interaction between bodies. This contraction of
the electromagnetic stress—energy tensor expresses the phenomenon of bending the
light path by the gradient of energy density.

Element f£, seems to be related to the force density of other interactions,
related to electromagnetism. It will be discussed in the last section.

The relationship of these force densities with the Einstein curvature tensor will
be confirmed later in this section.
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Now, vanishing four-divergence of tensor T? in flat Minkowski spacetime,
expresses the four-dimensional relativistic Cauchy momentum equation (convective
form). To see it, one may introduce tensor I1%° defined as

haﬁ
e’ = —2p- T (35)

Zhuynur/

Density of electromagnetic force may be expressed as

N ha,@
fEM = —35 Apli (36)

Z hHY Nuv

thus vanishing four-divergence of T%?, after easy rearrangement of elements, yields
[ =8+ fEn + 9117 (37)

This equation expresses convective form of the relativistic Cauchy momentum equa-
tion, where I1*7 acts as a four-dimensional deviatoric stress tensor. According to
present knowledge in the subject, deviatoric stress tensor depends only on velocity
gradients,*® and indeed, in the relativistic version thanks to (25) and (6), it may
be expressed as

M8 = c2p . 177 where ZH = o*UY — 9VU* (38)

since all constants from (6) cancel out.

It means, that in the presented solution, electromagnetic interaction is described
by the four-potential, while force densities f; and f&%, are consequences of fluid
dynamics.

To show compliance of above with General Relativity, one may introduce three
auxiliary tensors, defined for any considered metric g®”. At first it will be introduced
tensor R*? as

RP = 9oU0%UP — pg®”. (39)
Next, one may define trace of this tensor by scalar R
R=Rg,5 =—2p—2A, (40)
and next, one may introduce tensor G as
2R
G =R -~ poF, (41)
PR gy
It is easy to calculate that
ha,@
GCXIB — A g(kﬁ o Q02 gaﬁ - — QTQJB. (42)
iy
1 Guv
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“%) one obtains

In flat Minkowski spacetime (g%° =5

G = fo + fom (43)
thus in curved spacetime covariant four-divergence of G*? should vanish and this
tensor should be related to the curvature of spacetime corresponding to the forces
or T fotn-

The problem of spacetime curvature may now be analyzed.

For this purpose, one may consider conditions where there are no forces in the
system, which may be obtained by setting p(g®® — 1%) = 0 in (31). It may
1 uv

occur in three cases:

(1) Lack of electromagnetic field,
(2) 902 = —A,,
(3) g7 =ho.

First case is trivial, the second case is a special case of balance, thus one may
concentrate on the third case in which the curved spacetime is described by the
metric tensor 7.

There may be doubts as to whether h*” may be actually a metric tensor. There-
fore, it should be noted that by definition (27) h®? is symmetrical and property
R h,sh = h*Phas = 4 is satisfied. It remains to check whether it meets the
Bianchi identities.

To prove it, one may notice that vanishing Y%° reduces Eq. (31) in curved
spacetime to the postulate of General Relativity

T = oUUP — TP 5 =0, (44)

where the stress—energy tensor 7%° determines the curvature of spacetime. Since
contracted Bianchi identities are equivalent to conservation of energy and momen-
tum (vanishing covariant four-divergence of the stress—energy tensor T*%) therefore
h®® indeed must be the metric tensor for curved spacetime in which all motion
occurs along geodesics.

It should be noted that such a metric tensor h*” should actually exist, assuming
there is spacetime in which all the forces are replaced by the curvature of spacetime.
Therefore, for such spacetime the metric tensor will be denoted by h*? and in this
spacetime instead of field and forces one obtains corresponding curvature.

However, taking above perspective, one may conclude that the value of h®”
is fixed and should not depend on the metric ¢®° under consideration, because
selecting the next ¢™° metrics closer and closer to h®?. one simply reduces the
forces acting in the system in favor of increasing curvature of spacetime.

In this perspective, flat Minkowski spacetime with fields and forces and curved

af _ haB

spacetime with ¢ are two different methods of describing the same phe-

nomenon. Therefore, one may calculate value of h®? using the electromagnetic field
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tensor, present in the Minkowski flat spacetime
3
Fe F27

h(l,ﬁ _
\/]FQVF’BWFGM]FW

(45)

and use it to change description of the system to curved spacetime with help of the
obtained value of the tensor h®°.

The question then arises about the relationship of Eq. (44) with the main GR
equation.

It should be then noted that in curved spacetime with the metric tensor ¢g*% =
he? tensor R.3 (39) describes perfect fluid, where the difference between pressure
p in this fluid and energy density is equal to 2A,

Ry = ~5([p = 2A,) + )Vl — phoy (16)
the value of tensor G, (41) becomes
Gap = Ras — 3 Rhas (47)
and (42) reduces to
Gap — Nphap = 2T, 5. (48)

Therefore, in presented solution, R, 3 acts as Ricci tensor and G35 acts as Einstein
curvature tensor, both with an accuracy of A‘j—f constant, and cosmological constant
A is related to the invariant of electromagnetic field tensor, calculated for this metric

(g°7 = h?)
4rG
A=— 4 A,. (49)
It would mean that in presented solution, vacuum energy that has been sought for

vears>? is related to the electromagnetic field that fills the entire space. It would also

lead to the conclusion, that cosmological constant A should be taken into account
in the calculation of the metric, as they propose, inter alia, authors in Ref. 40.

It is worth noting that in curved spacetime, Einstein tensor may also be inter-
preted as stress—energy tensor describing perfect fluid, however this time, vacuum
energy density acts as pressure

1
Gaﬁ - 0_2([962 + P] - Ap)UaUB + Apha5~ (50)

By analyzing above and Eqs. (47) and (48) one may notice, that

Gop=0—-p=—A, - R=0—-R,3=0 (51)

thus this way one obtains Schwarzschild and Kerr vacuum solutions.*!

The above conclusions on perfect fluids and origin of the metric tensor A% can
also be understood in the context of Cauchy momentum equation presented in (37).
Adopting the metric tensor in such a way, to eliminate deviatoric stress one indeed
makes mentioned fluid perfect and all forces disappear, what should be kept when
introducing other, additional fields to the above solution.
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